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Minimal Lagrangian surfaces in the tangent 
bundle of a Riemannian surface 

Henri Anciaux, Brendan Guilfoyle, Pascal Romon 

Abstract 



^^ • Given an oriented Riemannian surface {Ti,g), its tangent bundle 

Q , TT, enjoys a natural pseudo-Kahler structure, that is the combination 

of a complex structure JI, a pseudo-metric G with neutral signature 
and a symplectic structure O. We give a local classification of those 
surfaces of TT, which are both Lagrangian with respect to and min- 
imal with respect to G. We first show that if g is non-flat, the only 

such surfaces are afHne normal bundles over geodesies. In the flat 
CN ■ 
^ . case there is, in contrast, a large set of Lagrangian minimal surfaces, 

t — I which is described explicitly. As an application, we show that mo- 

tions of surfaces in M or Mf induce Hamiltonian motions of their 
normal congruences, which are Lagrangian surfaces in TS or TH 
respectively. We relate the area of the congruence to a second-order 

(^ ' functional ^ = f VH'^ — K dA on the original surface. 

oo : 
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^ : Introduction 



It has recently been observed (c/. [GK1],[GK2]) that the tangent bundle 
TS of an oriented Riemannian surface {'E,g,j) with metric g and complex 
structure j enjoys a rich structure: besides the symplectic form Q obtained 
by pulling back the canonical symplectic form of T*S, it can be endowed 
with a natural complex structure JI depending on the complex structure j; 
next we may define a symmetric 2-tensor G by combining Q and J in the 
formula G(., .) = Q{S-, ■)■ It turns out that G is a pseudo-Riemannian metric 
on TS with signature (2, 2) and that the complex structure JI is parallel with 
respect to G; in other words we have a pseudo-Kahler structure on TS. Of 
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particular interest is the case of S being the two-sphere S^, since TS^ can be 
naturally identified with the space of oriented lines of Euclidean three-space 
M . Moreover, under this identification, a two-parameter family of lines in 
M'^ — thus a surface in TS^ — is Lagrangian if and only if the lines are normal 
to some surface of M'^. 

Natural objects of study in Kahler geometry are minimal Lagrangian sub- 
manifolds (c/. [S],[SW]). In the particular case of Kahler-Einstein manifolds, 
it is a remarkable fact that the mean curvature vector if of a Lagrangian sub- 
manifold L of dimension n is related by the formula H = - JV/3 to a function 
/3, the Lagrangian angle, defined on the submanifold. A striking consequence 
of this formula is that a Lagrangian submanifold is minimal if and only if it 
has constant Lagrangian angle. From the analytical viewpoint this structure 
reduces the order of the corresponding PDE from 2 to L In the context of 
Calabi-Yau geometry, these submanifolds are in addition calibrated and thus 
minimizers, and are called Special Lagrangian submanifolds (c/. [HL]). 

In this paper we give a local classification of minimal Lagrangian surfaces 
in (TS,J, G, f2). It turns out that that the picture is strongly contrasted 
between on the one hand, the non-fiat case, which is very rigid in the sense 
that the only non-trivial minimal Lagrangian surfaces are the normal bun- 
dles over a geodesic of S (Theorem 1), and on the other hand the fiat case, 
where there exists a variety of minimal Lagrangian surfaces. Moreover, in 
Euclidean 4-space endowed with the standard pseudo-Kahler metric of signa- 
ture (2, 2), we can attach to a Lagrangian surface a kind of Lagrangian angle 
function, still satisfying the formula H = |jV/3, and thus whose constancy 
characterizes minimal Lagrangian surfaces. Finally, the underlying partial 
differential equation is linear and thus can be explicitly integrated (Theorem 
2). 

Another important class of Lagrangian surfaces are those which are crit- 
ical points of the area functional restricted to Hamiltonian variations (c/. 
[S W] ) . The corresponding Euler equation is the vanishing of the divergence of 
the mean curvature vector (for the induced metric) . We give some non-trivial 
examples of Hamiltonian stationary Lagrangian surfaces in (TS, J, G, Q). In 
the special case of TS^, we already know that these Hamiltonian stationary 
Lagrangian surfaces are normal congruences to some surfaces of M"^. We get 
as a corollary that a developable surface of M"^ is a critical point of the second- 
order functional J-'{S) := J^ \JH'^ — KdA. Things work exactly in the same 



way with TH^, which can be identified with the set of oriented time-hke fines 
of tfie Minkowski tfiree-space M^'^, and wfiose Lagrangian surfaces are normal 
congruences to space-fike surfaces. We tfius get tfiat a developable space-like 
surface of M^'^ is a critical point of tfie functional equivalent to T in M^'^. In 
a fortficoming paper we sfiall study more deeply tfie Hamiltonian stationary 
Lagrangian surfaces of (TS, J, G, fi). 

Tfie paper is organised as follows: in Section 1 we give some preliminary 
results and tfie precise statements of tfie two main tfieorems. Section 2 is 
devoted to tfie proof of Tfieorem 1. Tfie last two sections deal witfi special 
cases: in Section 3 consider tfie Euclidean case and prove Tfieorem 2; in 
Section 4 we take a closer look to tfie special cases TS^ and TH^. 

Finally tfie Autfiors wisfi to mention recent related results in tfie special 
Lagrangian case obtained independently by Dong [Dg]. 

1 Preliminaries and statements of results 

1.1 The structures of TS 

In tfie following we consider an oriented Riemannian surface (S, g) and denote 
by j tfie canonical complex structure associated to it. We denote by vr tfie 
canonical projection of tfie tangent bundle TS onto its base vr : TS — > E. 
Tfie two-dimensional subbundle Ker{d7r) of TTT, (it is tfius a bundle over 
TE) will be called the vertical bundle and denoted by VT,. 

We observe tfiat we fiave not used tfie metric g so far. Tfie next step 
consists of using tfie Levi-Civita connection V of (7 to define tfie horizon- 
tal bundle HT, as follows: let X be a tangent vector to TE at some point 
(P05V0). Tfiis implies tfiat tfiere exists a curve a{s) = {p{s),V{s)) sucfi 
tfiat (7(0), 1/(0)) = {po,Vo) and a'(0) = X. If X ^ VE (wfiicfi implies 
p'(0) 7^ 0), we define tfie connection map (c/. [Ko],[Do]) K : TTE -^ TT, by 
KX = Vp'(o)V{0), wfiicfi does not depend on tfie curve a. If X is vertical, 
we may assume tfiat tfie curve a stays in a fiber so tfiat V{s) is a curve in a 
vector space. We tfien define KX to be simply V'{0). Tfie fiorizontal bundle 
is tfien Ker{K) and we fiave a direct sum 

TTT. = HT.®VT. ~ TY.®TT. ,. 

X ~ {PX,KX) ^ '' 



Here and in the following, P is a shorthand notation for dir. We refer to 
[Ko] and [Do] for a more complete description of the horizontal and vertical 
bundles. 

We shall use again the metric g in order to pull back the canonical sym- 
plectic form of T*S to a symplectic form Q in TS, which admits a nice 
expression in terms of the direct decomposition of TTT,: 

Lemma 1.1 Let X and Y be two tangent vectors to TS; we have 

n{X, Y) := g{KX, PY) - g{PX, KY). 
A proof of this lemma can be found in [La], p. 89. 
We recall then the classical 

Definition 1.2 A surface L of (TS,r2) is said to he Lagrangian if the re- 
striction of Q vanishes on it. 

Next we define an almost complex structure J by JI = j © j, using the 
direct sum (1) and the pseudo-metric G by the formula G(., .) = f2(J., .). 
In [GKl] it has been proved that G is a pseudo-Riemannian metric with 
signature (2,2). Proposition L4 below shows that J is actually a complex 
structure. 

1.2 Statements of the main theorems 

The projection map vr : TS -^ S plays a crucial role in the local classification 
of minimal Lagrangian surfaces of (TS, J, G, Q). If L is some surface of TE 
(not necessarily Lagrangian), then the rank of the restriction to L of the 
projection vr can be 0, 1 or 2 and is locally constant. The case of rank 
corresponds to the trivial case of L being a piece of a vertical fibre. 

A simple example of Lagrangian surface of rank 1 is the normal bundle 
over some curve 7 of S, i.e. the set of its normal lines to the curve 7. More 
precisely, denoting by n{s) a unit normal vector to the curve at the point 7(s), 
the normal bundle of 7 is the image of the immersion X{s, t) = (7(5), tfi(s)). 
One can slightly generalize the construction by considering affine lines, i.e. 
adding a translation term to the second factor of the immersion: X{s,t) = 
(7(5), a{s)t-\-tn{s)), where t denotes the unit tangent vector to 7(5) and a{s) 
is some real-valued map. We shall call the image of such an immersion, which 



is still Lagrangian, an affine normal bundle over 7. Affine normal bundles 
and their higher dimensional equivalents have been introduced in the fiat 
case in [HL], where they were called degenerate projections. 

As the metric G is neutral, the induced metric on a surface of (TS, J, G, Vt) 
may be degenerate. It is for example the case of a vertical fibre and of the 
zero section Lq := {(p, 0),p G S} C TS. Such surfaces are called null. 

The first main result of this article characterizes rank one minimal La- 
grangian surfaces and shows that, beyond the null surfaces, there is no rank 
two Lagrangian minimal surface if (S,5f) is non-fiat: 

Theorem 1 Let L he a smooth, non-null minimal Lagrangian surface of 
(TS,J,G,1]). Then 

(i) either L is the normal bundle over a geodesic on (S, (7), or 

(a) (S, g) is flat. 

The Lagrangian assumption in the theorem above is crucial: the existence 
of families of (non-Lagrangian) minimal surfaces in (TS, J, G, fi) has been 
proved in [GK2]. When the surface S is fiat, the situation appears to be 
richer, in the sense that there exist many rank two minimal Lagrangian 
surfaces. As our classification is local, there is no loss of generality to restrict 
ourselves to the Euclidean plane. 

Theorem 2 In the case where {'E,g,j) is the Euclidean plane R^ endowed 
with its canonical inner product (.,.), the metric G on TM^ ~ M^ is the 
flat pseudo-metric of signature (2,2). Moreover, if L is a rank two mini- 
mal Lagrangian surface 0/ (TM^, JI, G, fi), then it is parametrized by X{p) = 
(p, Vm(p)), where the real map u takes the following form 

u{p) = fi{{p,V)) + f2i{p,jV)), 

where V is some constant unit vector of M^ and /i and /2 are two non- 
constant functions of the real variable of class C"^ . 

In Section 3 we shall give, along with the proof of the theorem, a geometric 
interpretation of the vector V. 



1.3 Some preliminary results 

We start with a result from [Ko] which will be useful: 

Lemma 1.3 [Ko] Given a vector field X on {T,,g), there exists exactly one 
vector field X^ and one vector field X^ on TS (^) such that {PX^^KX^) = 
(X, 0) and {PX^, KX^) = (0,X). Moreover, given two vector fields X and 
Y on (S,5f), we have, at the point {p,V): 

[X^Y"] =0 

[x^n~(o,vxn 

[X\Y'^]c^{[X,Y],-R{X,Y)V), 
where R denotes the curvature of g and we use the direct sum notation (i). 

We say that a vector field X on TS is projectable if it is constant on the 
fibres. According to the lemma above, it is equivalent to the fact that there 
exists two vector fields Xi and X2 on S such that X = (Xi)^ + (X2)''. 

We can now prove 
Proposition 1.4 The almost complex structure J is complex. 
Proof. We compute the Nijenhuis tensor 

N{X, Y) = [X, Y] + J[JX, Y] + J[X, lY] - [IX, lY]. 

Since N{X, Y) depends pointwise on the tangent vectors we may assume for 
computational purposes that X and Y are projectable, and use lemma 1.3 
together with the definition J = j © j. By linearity and skew-symmetry it 
suffices to prove that N{X, F) = in three distinct cases: 

1. vertical fields 

NiX^Y") = 



^The Reader should be aware that the notation for X"", X'^ in Lemma 1.3 follows [Ko] 
and corresponds to particular lifts of a field on M, whereas [La], in the proof of Lemma 1.1, 
uses the same notation to denote projections of a vector field. 



2. horizontal fields 

N^X\Y'^) = -(0,i?(X,F)F + ji?(jX,F)\/ 

+3R{X,3Y)V-RUX,3Y)V^ 
= -{0,jRUX,Y)V + jR{X,jY)V) = (0,0) 

3. mixed fields 

= (0, VxY + jWjxY - WxY - jVjxY) = (0, 0) 
where we have used the properties of Kahler manifolds: Vj = 0, R{jX, jY) = 

R{x,Y). m 

Corollary 1.5 The triple (G, J, fi) defines a pseudo-Kdhler structure onT'E. 
In particular S is parallel for the Levi-Civita connection. 

The following lemma describes the Levi-Civita connection D of G in terms 
of the direct decomposition of TTH. 

Lemma 1.6 Let X and Y two vector fields and assume that Y is projectable, 
then at the point {p, V) we have 

_ f VpxPY 

^""^ ~ [vpxKY - \{r{PX,PY)V - jR{V,jPX)PY - jR{V,jPY)PX^ 

where we have used column vector notation to indicate the components in the 
direct sum (1). 

Proof. We use Lemma 1.3 together with the Koszul formula: 

2<G{DxY, Z) = XG{Y, Z) + FG(X, Z) -ZQ{X,Y) + G( [X, Y] , Z) 
-G([X,Z],y)-G([F,Z],X) 

where X, Y and Z are three vector fields on TS. From the fact that [X", Y'"] 
and G(X'', Y'") vanish we have: 

2G{Dx^Y\Z^) = X''G(F^ Z^) + F^G(X^ Z^) - Z''G(X^ F^) 

+G([X^ F^], Z^) - G([X^ Z"], Y") - G([F^ Z^X") = 0. 



Moreover, taking into account that GiY"", Z^) and similar quantities are con- 
stant on the fibres, we obtain 

2G{Dx^Y\ Z^) = X^G(y^ Z'^) + F^G(X^ Z^) - Z'''Q{X\ F^) 

+G([x^ Y% z^) - G([x^ z\ r^) - G([r^ z^], x^) 

= -G{-{VzX)\ r^') - G(-(VzF)^ X") = 0. 

From these last two equations we deduce that Dx^Y^ vanishes. Analogous 
computations show that Dx^Y^ vanishes as well. From Lemma 1.3 and the 
formula [X, Y] = DxY - DyX, we deduce that DxhY" ~ (0, VxY). 

Finally, introducing jW = -jR{X,Y)V - R{V,jY)X - R{V,jX)Y, we 
compute that 

G{Dx.Y'^,Z') = ^g{jW,Z) 

and 

G{DxnY\Z-)=g{jZ,VxY), 

from which we deduce that 

Dx^Y'^ = {VxY, V) 

VxY, i(-i?(X, Y)V + jR{V, jX)Y + jR{V, jY)X)] . 

The conclusion of the proof follows easily. ■ 

The fact that JI is parallel with respect to D implies the following useful 
result about the extrinsic geometry of Lagrangian surfaces; this fact is known 
to hold in a positive Kahler manifold, cf. [Ch] . 

Lemma 1.7 Let L be a Lagrangian surface of TT, and X,Y and Z three 
vector fields tangent to L. Then 

h{X, y, Z) := fi(X, DyZ) = G(JX, DyZ) 

defines a tri-symmetric tensor called the tensor of extrinsic curvature. 

Proof. Let II denote the second fundamental form of the immersion: 

h{X, Y, Z) = G(JX, DyZ) = G(JX, II(y, Z)), 
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which proves the tensorial nature of h as well as the symmetry with respect 
to its last two variables. 

h{X, Y, Z) = YG{IX, Z) - G(DyJX, Z) = -G(JDyX, Z) = G(JZ, DyX) 
= h{Z,Y,X) 

using the Lagrangian hypothesis on L. ■ 



2 Proof of Theorem 1 

The proof of Theorem 1 will result from Propositions 2.1 and 2.2, dealing 
with Lagrangian surfaces of rank one and two, respectively. 

2.1 Rank one Lagrangian surfaces 

Proposition 2.1 A rank one Lagrangian surface L of (TS, J, G, f2) is an 
affine normal bundle over a curve 7 o/S. It is moreover H-minimal and the 
induced metric on L is flat. Finally, L is minimal if and only if the base 
curve 'J is a geodesic of (J^,g). 

Proof. A surface L of TE with rank 1 projection may be parametrized locally 

by 

X : U ^ TE 

(s,t) ^ (7(s),y(s,t)), 

where 7(5) is a regular curve in E and V{s, t) some tangent vector to E at the 
point 7(5). Without loss of generality, we may assume that 7 is parametrized 
by arclength, so that {'j'{s),j'j'{s)} is an orthonormal frame of TE along the 
curve 7. Writing V = 07' + 6J7' and using the Frenet equation V^'7' = kj'y', 
where k denotes the curvature of 7, we compute the first derivatives of the 
immersion (here and in the following, a letter in subscript denotes partial 
differentiation with respect to the corresponding variable). Using the direct 
sum notation: 

X, = {PX,,KXs) = {i\Vy^') = {-f\{as-kbh'+{bs + ka)n') 

Xt = io,aa' + btn'). 



If the immersion is Lagrangian, the following must vanish: 
n{Xs, Xt) = -g{-i\ ati + htji) = -at. 

It follows that a must be a function of s. Then we see that for fixed s, the 
map t ^-^> (7(5), a{s)'y'{s) + b{s, t)j'j'{s)) parametrizes a line segment ruled by 
j'y'{s) in Ty(s)S which may be reparametrized by 

t^(7(s),a(s)7'(s)+tjV(s)) 

which we assume henceforth. We have thus proved the first part of Proposi- 
tion 2.1. 

We compute easily that Xg = (7', (a' — kt)'y' + akj^y') and Xt = (0, J7'). 
We also observe that the vector field (defined along the surface) Xt depends 
only on the variable s, thus it can be extended to a global vector field which 
is projectable. It follows that we can use Lemma 1.6 in order to compute: 

DxXt = (0, Vyj7') = (0, -k-f'), Dx.Xt = (0, 0). 

In view of Lemma 1.7, the symmetric tensor h{X, Y, Z) has four independent 
components. We calculate: 

/in2 = n{Xs, DxM = ^((7', {a' - kth' + akn'), (0, -^7')) = k 

hu2 = fi(X„ Dx.Xt) = /l222 = ^{Xt, Dx.Xt) = 0. 

(As will become clear in a moment, we do not need the expression of hm.) 

It remains to compute the induced metric, which is given in the coordi- 
nates (s, t) by 

-2ak -1 
-1 

We are now in a position to get the expression of the mean curvature vector: 

and 

Gi2HJXt) = ^^ -eE^2 ^^^ = 0- 

It follows that 

# = A;JX, = (0,A;j7') = (0,7"(s)), 
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so that L is miniinal if and only if k vanishes, namely 7 is a geodesic. More- 
over, the determinant of the induced metric being —1, we have the following 
formula: 

divji? = diY{-kdt) = 

and hence L is always Hamiltonian stationary. Finally, denoting by V and R 
the Levi-Civita connection and the curvature of the induced metric, an easy 
computation shows that Va^(9t and Va^dt vanish, so that 

R{dt, ds)dt = Va^aA - ^a^dA = 0, 
which implies the flatness of L. ■ 

2.2 Rank two Lagrangian surfaces 

Proposition 2.2 A rank two Lagrangian surface L of (TS, J, G, ^2) is the 
graph of the gradient of a real map u on (S, g): 

L:={{p,Vu{p)),peJ:}cTj:. 

Moreover, if L is minimal then g is fiat. 

Proof. A rank 2 surface is nothing but the graph of a vector field V{p) of 
E and thus is the image of the immersion X{p) = {p,V{p)). Let (s,t) be 
conformal local coordinates on (S, (?) such that jdg = dt and jdt = —dg. We 
denote by r{s,t) the logarithmic conformal factor, so that the metric takes 
the following form: g{s,t) = e^^(rfs^ + dt"^). A standard computation shows 
that 



Vdsds = 


= Tsds - rtdt 


^aA -- 


= Va,9i = Ttds + rA 


VaA -- 


= -Tsds + rA ■ 



The following relations between the curvature tensor R, the Gauss curvature 
K and the conformal factor r of (S,5f) will be useful later: 

K = e-'^-giRA, dtA, dt) = -e'^'^Ar. 

Writing V{s,t) = P{s,t)ds + Q{s,t)dt, the first derivatives of the immersion 
are: 

X, = A, (Ps + Prs + QrtA + (Qs - Pn + QtsA). 
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X, = {du {Pt + Pn - Qrs)ds + {Qt + Prs + Qrt)dt), 
so that 

Q{Xs,Xt) = g{{Q^-Pr, + Qr,)dt,dt)-g{d,,{Pt + Pn-Qr,)d,) 
= e'''-{Qs + 2Qrs-Pt-2Pn). 

Thus the Lagrangian condition is equivalent to {Pe^'^)t = {Qe'^^)s, so that 
there exists locally a real map u on S such that Pe^^ = Ug and Qe^^ = Ut-, 
in other words, the vector field V is the gradient of m, and we have the first 
part of Proposition 2.2. 

Next a parametrization of L is 

X : S ^ TS 

(s,t) H^ {p{s,t),e-'^''{usds + utdt)), 

and we compute 

^. = (5.,Va.Vn) 

= (9^, e"^*" {{uss - 2rsUs)ds + UsVa^ds + {ust - 2rsUt)dt + UtVaA)) 
= {ds, e~^''{uss - TsUs + rtUt)ds + e~'^''{ust - TgUt - rtUs)dt) 

Analogously 

Xt = {dt, e~^''{ust - TsUt - rtUs)ds + e~'^''{utt - nut + rsUs)dt). 

Denoting for simplicity 

X, := (9,, ads + hdt) Xt := (dt, hd^ + cdt), 

the induced metric is given by 

E = G(X„X,) = f](JX„X,) = g{j{ads+hdt),ds)-g{jds,ads+hdt) = -2he^\ 

F = fi(JX„ X,) = g{j{ads + hdt), dt) - g{jds, bd^ + cdt) = {a - c)e^\ 

G = fi(JXi, X,) = g{j{hds + cdt), dt) - g{jdt, hd^ + cdt) = 2he^\ 

Moreover, the vector fields X^ and Xt admit extensions on TS which are 
protectable, to that we can use Lemma 1.6, to get 

Dx.Xs = [Tsds-rtdt, {as+ars+brt)ds + {bs-art+brs)dt+Use~^''jR{ds,dt)d, 
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Dxs^t = (rtds + Tsdt, [hs + hr^ + crt)ds + (c^ - hrt + crs)dt\ 

+ ^ (O, -i?(9„ dt)Vu + M,e-2^ji?(9„ 9,)9i + Ute-'^-jRids, dt)ds) , 

Dxt^t = (-rsds+rtdt, {bt+brt-crs)ds+{ct+brs+Ct)dt-Ute~'^''jR{dt,ds)dt] 
This allows us to calculate the following components of the tensor h: 

hui = h{Xs,Xs,Xs) = Q{Xs,Dx^Xs) 
= g{ads + bdt, Vsds - ndt) 

-g{ds, {as + ars + hrt)ds) - Ust"'^'' g{ds,jR{ds, dt)ds) 
= e^''{ars - hrt - (a^ + ar^ + brt)) + UsC'^''' g{dt, R{ds, dt)ds) 
= e^''{-as-2hrt + UsK). 

and similarly^ with the other coefficients of h. Consequently 

G[2HJXs) EG^Y^ _e2.(452 + (^_,)2) 

_ 2b{{a - c), + Abrt) + 2(a - c)(-6, + (a - c)r,)) 
4fe2 + (a - c)2 
(a-c),(26) - (a-c)26 



+ 2rt = (arg(26 + i{a - c))s + 2ri . 



(26)2 + (a - c)2 
A similar computation yields 

G{2H, JXt) = (arg(a - c) + 2i6))i - 2r„ 
and hence the vanishing of H implies 

(arg(c-a + 226)), -2rt = 
(arg(c - a + 2ib))t + 2r5 = 0. 

Differentiating the first equation with respect to the variable t, and the second 
equation with respect to the variable s yields Ar = 0, which implies that E 
has vanishing curvature and concludes the proof of Proposition 2.2. ■ 



^ Note that coefScients hii2 and hi22 can be computed by two different methods, 
yielding two seemingly different expressions. 
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3 Minimal Lagrangian surfaces in TM.'^ 

We now consider the Euclidean plane (M^, (.,.)) with coordinates (xi,X2); 
the metric is dxf + dx^ and the complex structure is j{xi,X2) = (— X2,Xi). 
On TM. we define the coordinates {xi,X2,yi,y2}, in which the canonical 
symplectic structure writes 

Q = dyi A dxi + dy2 A dx2- 

The complex structure is JI := j © j and the metric G by 

G = dx2dyi — dxidy2. 



The complex structure J induces an identification of TM ^ M ' with 
C^, given by (a;i,X2,i/i, 2/2) — {wi := Xi + ix2,W2 := Vi + ^l/2)• The pseudo- 
Hermitian metric takes the form: 

H{., .) = G(., .) + zfi(., .) = G(., .) + zG(., X). 

However we can consider on C^ ~ TM^ the canonical Riemannian and 
symplectic structures, and define classically the Lagrangian angle: if ei A 62 
denotes a Lagrangian plane, its Lagrangian angle (3 is the argument of dwi A 
dw2{ei A 62) = detc(ei, 62). If L is some Lagrangian surface, the Lagrangian 
angle function /3 is defined on L by /3(p) = (3{TpL). The Reader should note 
that /3 bears a priori no relation to the pseudo-Kahlerian structure defined 
on TM?. Nevertheless one obtains the following surprising 

Proposition 3.1 The relation 

H = ^IDp 

still holds for Lagrangian surfaces ofM', where DP denotes the gradient of 
(3 in the induced (pseudo-)metric. 

In particular, a Lagrangian surface is minimal if and only if its La- 
grangian angle is (locally) constant. 

Proof Let (61,62) a frame along L such that G(6i,6i) = —1,6(62,62) = 1 
and 6(61,62) = 0. The Lagrangian assumption implies H{ei^ei) = — 1, 
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H{e2, 62) = 1 and H{ei, 62) = 0. Thus, given a vector V of R^, the following 
formula holds: 

V = -H{V,e,)ei + H{V, 62)62. 

We differentiate the relation e*^*^^) = detc(ei(p), e2(p)) with respect to ei, 
which yields, using the fact that dwi A dw2 is parallel with respect to the 
Levi-Civita connection induced by G: 

iei(/3)e*^ = det(Deiei,e2) + det(ei,L)eie2) 

c c 

= -H{De^6i, 61) det(ei, 62) + H{De^62, 62) det(ei, 62) 

= e''^[(-G(De,ei,ei) + G(De,e2,e2)) 

+i(-G(Deiei, Jei) + Q{D,,62j62))\ . 

Thus ei(/3) = —h{6i, ei, ei) + /i(ei, 62, 62) = G(2iJ, Jei), proving that 

G{SD(3j6i) =G{2Hj6i). 

Analogously we prove that G(JD/3, Je2) = G(2i?, Je2) and the proof is com- 
plete. ■ 

Remark 3.2 The surprising fact that one uses the same definition for the 
Lagrangian angle though the underlying (pseudo-)Kdhler is quite different can 
be explained by looking at the isometrics for that structure. Indeed the group 
is {G, J,Q)-preserving matrices is none other than U{1) x SL{2,'R), written 
in complex notations as 2 x 2 matrices. (While the corresponding group in 
flat C^ is U{2) = U{1) X SU{2).) So that in both cases the Lagrangian angle 
measures the U{1) factor. 

We are now in position to determine locally the minimal Lagrangian sur- 
faces of M^'^: 

Proposition 3.3 Let L be a rank two Lagrangian surface o/R^'^, i.e. it is 
parametrized by X{p) = {p, Vu{p)), where u is a C^ map defined on an open 
subset of (M^, (., .)). Then L has constant Lagrangian angle jSq if and only if 
it takes the following form 

where /i and /2 are two non-constant functions of the real variable of class 
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Proof. We first compute the first derivatives of the immersion X, writing 
P= {s,t): 

Xs = (1, 0, Uss, Ust) ^ (1, Uss + iUst) Xt = (0, 1, Ust, Utt) ^ {i, Ust + iutt), 

so the Lagrangian angle map is given by: 

'utt - Us 



(3{s, t) = arctan 

^Ust 

and the constant Lagrangian angle condition translates into the linear PDE 

cosPo{utt - Uss) - 2 sin PoUst = 0, 

In order to solve this, we introduce the linear change of variables defined by 

o- \ _ / cos6' sin6' \ / s \ 
T J ~ \ -sin^ cos^ y V ^ / ' 

where 6 is some fixed constant, so that 

Utt = sin^ Oua^^ + cos^ Ourr + 2 cos 9 sin OUo^t, 

Uss = cos^ 6'no-o- + sin^ Ourr — 2 cos 9 sin OUa^r, 
Ust = (cos^ 9 — sin^ 0)u^r + cos 9 sin 9{u^^ — u^-^-), 
and thus 

cos Po{utt—Uss) —2 sin PoUst = (cos/5o(sin^ 9 — cos^ 9) — 2 sin /?o cos 6* sin 6^) u^a 
+ (cos/5o(cos^0 — sin^6') + 2 sin /So cos ^ sin 6^) Urr 
+ (4 cos /3o cos 6* sin 6' — 2 sin/3o(cos^ 9 — sin^ 9)) u^-r 

= cos(26' — I3o){ut-t — u„„) + 2sin(26' — /3o)u<jr- 

Hence, choosing 9 = /3o/2+vr/4, the equation becomes u^r = 0, whose general 
solution is 

u{s,t) = fi{a) + f2{T) = f i{cos 9s + sin 9t) + f 2{- sin 9s + COS 9t) 
= /i((p,e^')) + /2((p,^e^')). 
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It is easy to see that the second part of Theorem 2 is essentially a rewriting 
of the previous proposition. 

Remark 3.4 The formula [3 = arctan ( "'*~"°^ j might be compared with the 
one we have in the classical (Riemannian) case: 

( Au 

(J = arctan 



det Hess(u) 



In the classical case, the minimality is expressed by a kind of "interpolation" 
between the Laplace and Monge-Ampere equation. Here, we can regard the 
equation as an interpolation between two hyperbolic equations, the wave equa- 
tion and the operator dgt ■ 

Remark 3.5 The fact that here minimal Lagrangian surfaces can be only 
of class of C^ makes a great contrast with the positive case, where Special 
Lagrangian surfaces must be analytic (the underlying equation being elliptic). 

Example 3.6 Taking for example u{s,t) = sins + cost, we get a doubly 
periodic minimal Lagrangian surface in M'^ or equivalently a compact minimal 
Lagrangian surface in TT^. 

4 The case of TS^ and normal congruences of 
surfaces in M 

It is well known that the normal congruence to a regular, oriented surface 5* 
of (M^, (.,.)) defines a Lagrangian surface S in the space L^ of oriented lines 
of M^. The latter is naturally identified with T§^ by the following 

L^ 3 {V + tp,teR}- ip,V - {V,p)p) eTE>^. 

Since TS^ is naturally and isometrically embedded in TM.^ = M.^ xM.^ as the 
submanifold 

S = {{N,Y) eR^ X R^ {N, Y) = 0}, 

we have two ways of describing a tangent vector ,^ at a point (A^, Y): 

• it can be seen as a couple ^ ^ (z/, rj) in M^ x M"^ such that (A^, v) = 
and (A^,?7) + {u,Y) =0, or 
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• using the direct sum (1), we see that P^ = v and K^ = V^Y where s i— *• 
Y{s) extends along the tangent direction rj; then KC, is the tangential 
projection (r/)-^ = r] — {rj, N)N. 

Lemma 4.1 The deformation of a regular surface S ofM.^ induces a Hamil- 
tonian deformation of S in TS^. 

Proof. Let X : U ^ M.^ a, local parametrization of S, N the unit normal 
vector field and h a compactly supported function on U; we furthermore 
assume that X is a parametrization along the lines of curvatures, so that, 
denoting by A and /i the curvature functions, we have the two equations 
Ns = XX s and Nt = ^iXf 

We consider a normal variation V = hN, where h is some smooth real 
map on U. Starting from X^ = X + ehN, we have 

X: = Xs + e{hsN + hNs) XI = Xt + e{htN + hNt), 

so that 

XI X XI = Xs^Xt + eW + o(e), 

where 

W := KN xXt + hNs x X^ + /i^X, x N + hX^ x Nf 

Consequently 

|X: X X^\ = |X, X Xtl + e{N, W) + o(e) 

and 

,,, ,, W-{W,N)N , , ,, W^ 



|X, xX,| '' |X, xX,| ' '' 

where W'^ denotes again the tangential projection. 

Introducing the notations Ci := X^/lXs] and 62 := Xf/|Xt|, we have 

W^ = hsN xXt + htXs X N = K\Xt\N x 62 + /it|X,|ei x X, 

so that 

N^ = N-e{^e, + ^e,]+o{e). 



The next step consists of looking at the effect of this normal variation 
V = hN on the normal congruence. A parametrization of the normal con- 
gruence of X being X = {N, X — {X, N)N), we have 

X' - (X^ N')N' = X + ehN 



X-{X,N)N+e 



X. ^e, + ^e,\ iV + (X, AT) (^e, + ^e. 



so finally X' = X + eK + o(e) with 



.r , h^ ht 



h« ht \ -. ,^^ ^^, f hs , ht 



X, -^e, + -^e, )N+{X,N){ -^e, + -^e, 

where we have used the TS formalism. So that 

h^ ht , ^„-, ,,, ,,, ( hs ht 



PV = -T^ei - -^62 and KV = (X, X) — ^d + -^62 

In order to understand the normal variation induced by V on S, we compute 
a basis of its normal space. 

PXs = Ns = A|X,|ei 

KX, = X,-{{Xs,N)N-{X,Ns)N-{X,N)Nsf 
= X,-(X,X)X, = (l-A(X,X))|X,|ei 

Analogously, we have 

PXt = /i|Xf|e2 , KXt{l - /i(X, X))|Xi|e2 

It is then obvious to compute the orthonormal basis for the normal bundle 
and we deduce 

G{VJXs) = n{V,Xs) = {X,N)Xhs + K{l-X{X,N)) = hs 

and similarly G{V,^Xt) = ht- This means that V-^ = SDh, i.e. the vector 
field V^ is Hamiltonian. ■ 
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Lemma 4.2 Let S be a surface in R^ and S its normal congruence. We 
denote by A{S) the area with respect to the metric G and by J^{S) the func- 
tional defined by J^{S) := Jg yjH'^ — KdA, where H and K are respectively 
the mean curvature and the Gauss curvature of S. Then 

A{S) = J^iS). 

Proof. From the expressions for Xg and Xt computed in the proof of Lemma 
4.1, we obtain the coefficients of the first fundamental form of the immer- 
sion X: 

E = G = 0, F = n^Xs^Xt) = (/i - A)|X,||X,|. 

It follows that 

f J\EG-F^\dsdt = f \F\dsdt = / |A - fx\VEG - F^dsdt 
Ju Ju Ju 

= f VH^ - KdA 

Jx{U) 

soA{S)=J^{S). ■ 

Lemmas 4.1 and 4.2 prove that the normal congruence of a surface 5* of 
M'^ is Hamiltonian stationary if and only if 5* is a critical point of JF. On the 
other hand, we know by Proposition 2.1 that rank one Lagrangian surfaces 
of T§^ are Hamiltonian stationary. The next lemma provides a geometric 
interpretation of the rank one condition: 

Lemma 4.3 A non-planar surface S of M? is developable if and only if its 
normal congruence defines a rank one Lagrangian surface in TS^, i.e. is the 
normal bundle of some curve ofE>'^. 

Proof. By definition, a developable surface has vanishing Gauss curvature, 
which implies that the Gauss image is a curve (or a single point) in S^. As 
the Gauss map of S is nothing but the projection of S on the base S^, the 
result follows. 

Finally, putting all these facts together we get: 

Corollary 4.4 A developable surface of S of M^ is a critical point of the 
functional T . 
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Finally everything in Section 4 can be readily adapted to the case of TH^, 
which is identified with the set of positive time lines h^ of the Minkowski 
space (M^'"*^, (., .)i), by the following 

l!^ 3 {V + tp,teR}- {p,V - {V,p)ip) eTB.'^. 

Here, H denotes the hyperboloid model of the hyperbolic plane, that is the 
space-like quadric 

tf := {p G R^'\ {p,p)i = -1,P3 > 0}. 

We leave to the Reader the easy task to check that a developable space-like 
surface of (M^'^, (., .)i) is a critical point of the functional equivalent to JF in 

70)2,1 
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